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X UWVWX9Y[Z	U]\_^a`WbP^dcfegU/^Beihj^aXlkabm`nUpo3Y[b[q	`nUfZ	rsegU3V$\B^BeiU3Y[`tV x1, x2, . . . , xn u
VWb9qvkBY[`(XwkBY[X i kaZR^ pi =

1

n
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P (X = i) =
1

6
∀i ∈ {1 . . .6}
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P (X = i) = pi =
1

n
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mX = E(X) =

n
∑

i=1

pixi

=
1
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n
∑

i=1

xi
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vX = E(X − mX)2 = E(X2) − (E(X))2

=

n
∑

i=1

pix
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i − m2
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=
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∑

i=1

x2
i − m2
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Ö;×|ØjÙN×IÚwÛ§ÜdÝjÞªßáàBâ}ß/ÜIã*×}Ú�â}×IßCßtÚwä[ÝjØtßáãf×IÛæå/ã*çæßsÜ}ßjâ}è@éNÝt×}ßtÚ

α
ßjê

β ë Ûæ×�Üdìtä[ßt×�Ü}ã*×BêªÚ ë ÚwßêwÞ¤ã*Ü}âIÛæÚwßt×Bê7åCÙ*Þªä}íIÙNçæÙ*éNÛ§àBâIßtåCßt×BêÓä�ã3Þ$ç§ãCä}ÞªìtÚwßj×IØtß�Ü}ß]Þ¤ãtî}âdÞªßtÚÓÚwâ}Þ$ç§ãCØtÙaàBâIÛæçæçæßpÜdß¥çmï ã*×}Ûæå/ã*çmðñ ß¥é*Ýt×Iß
α
ãsÜdßtâ}èáã*çæçæÝtçæßtÚ

A
ßjê

a
ßjê

β
ã/Üdßtâ}è�ã*çæçæÝtçæßtÚ

B
ßjê

b ë êªßtçæÚ$àBâIß A
ÜdÙNåCÛæ×Iß

a
ßnê

BÜdÙNåCÛæ×Iß
b
ðñ ã�êwÞ¤ãNÜdâIØjêªÛæÙ*×�åCÙ*Þªä}íIÙNçæÙ*éNÛ§àBâIß�ÜdâáéNìj×IÙ*ê�îdä[ß�ßtÚlêÓçgã�ÚwâIÛæòNãf×BêªßÑó

ôdõMöw÷zøæùªúªûMü ý*þwõMöª÷�øæùªú¤ûMü
aabb ÿ������ öwû�� ÿ ù � �§û

Aabb
÷ � AAbb � öwû�� ÿ ù � �æû

aaBb
÷ � aaBB

�wû �
	 � ÿ ù � �§ûMü
AaBb
÷ � AABb

÷ � AaBB
÷ � AABB

ø��æ÷
� ü�� ÿ ù � �æûMü
�aÙNÛ ê

X
ç§ãÑòNã3ÞªÛ§ã��Içæß¥ã*çæìWã3êªÙNÛ Þªß���×IÙNå��}Þªß;Ü}ß;Þ¤ãtîdâ}ÞªßtÚ
�;ßjêÓçæß�ØjÞªÙNÛæÚwßtåCßt×BêÆÚwâ}Û§ò*ã*×Bê�ó

�yßtåCßjç§çæß
×
å��*çæß

= AaBb × aabb

� ìjêªßjÞªåCÛæ×IßjÞÆçæßtÚÆØWã3Þ¤ã*ØjêªìnÞªÛ§ÚlêªÛ§àBâIßjÚ;Üdß
X � ñ ÙNÛ ë åCÙWîBßt×I×}ß ë ò*ãfÞªÛ§ã*×}Øtß��nð
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A
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O�7D5T68B�<f>`B
<?;/O�;A7gIaOPVTOHIK<?9'B 1 h 9AO�;/F
A
<?M�7iB�@
OHI 68M�@j<?7:k h 9AO�;/F Ā

<?M�7lB
@
OHI 68M�@-^:ml;nF�6�7 h 9�< X <?M�7i9';�<po�qAr�s
q�tdu�vnw�vyxGv�rHzg{A|}u�uasMN~ 6�I_<
=�68M�7]<
p
<?7

q
FdO�;�M

R
V�@?B?6 \gO�;�7:�

P (X = 1) = p

P (X = 0) = q

p + q = 1

ml;�FT687:@b�dOHIK< Y <?;�7 h 9�< X M�9'687f9';/<�Ia5�6gF[<Q�Q<?B?;`5�9NI8I 6 B(0, 1, p)
^

���R� ,e����#G$[&Z(_*�,-*�.�( ó[�;×}ßÆòNã3ÞªÛgãT�Içæß7Ü}ßJ�9ßjÞª×IÙ*âIçæçæÛIêwÞ¤ãNÜdâIÛ êÂâ}×IßÆßjèdä[ìjÞªÛæßt×}ØtßÓã*çæìWãfêªÙ*Û Þªßãtîaã*×Bê/Üdßtâ}è|ÛæÚwÚwâ}ßtÚCä[ÙNÚwÚwÛa�IçæßtÚ/ßjêpß���ßtØjêªâ}ìtß�âI×}ß�ÚwßjâIçæßR�yÙ*ÛæÚtð
B(0, 1, p)

ßtÚlêCç§ã@çæÙNÛÓÜdß
�9ßjÞª×}ÙNâIçæçæÛ Üdß�ä�ã3Þ¤ã*åCÝjêwÞªß

p
ó


P (X = 0) = 1 − p = q
P (X = 1) = p

��� ãfÞ]ØtÙ*×aò_ßt×BêªÛæÙN× ë p � 0 ≤ p ≤ 1
�7ßjÚlê]çgã/ä}ÞªÙ���ãT�IÛæçæÛæêªìpÜ}ßÑÚwâ}ØtØtÝtÚ$ã*çæÙ*ÞªÚ]àBâIß

q = 1 − pßtÚlêÓç§ãpä}ÞªÙH�Iã��}Û§çæÛ êªì]Üvï ìtØ¤íIßjØNð
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� ñ ã*×}ØtßjÞ7Üvï âI×}ß$äIÛæÝtØjß]Ü}ß$åCÙ*×I×�ãfÛæßpó� A

óIä}Ûæç§ß
� Ā
ó �mã*Øjß

� p = q = 1
2� �aâIÛ êªß�Üdß�çgãf×IØtßnÞªÚ7Üdß]Ü}ìÑó� A = 1, 6� Ā = 2, 3, 4, 5� p = 1

3

ßjê
q = 2

3��� ÞªÙ*ÛæÚwßtåCßt×Bê7Üvï íIìjêªìnÞªÙH�jîdéNÙfêªßtÚ Bb
ð ñ ï Û§ÚwÚwâ(ÜdâáØjÞªÙ*ÛæÚwßtåCßt×BêÆßtÚlêÓâI×�äIíIìj×IÙ*ê�îdä[ß

B � ìtò_Ý��×}ßtåCßt×Bê
A
�9ÙNâ

b � ìtò_Ýt×}ßtåCßt×BêEØtÙ*×aêwÞ¤ãfÛ Þªß Ā
�7ó

� A = BB, Bb, bB� Ā = b, b� p = 3
4

ßjê
q = 1

4
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P (X = 1) = p

P (X = 0) = q = 1 − p

��¡ .A¢/�A(}(_� ó
mX = E(X) =

n
X

i=1

pixi

= p × 1 + q × 0 = p

�U£ �A�T*��/(+¤�� ó
vX = E(X − mX)2 = E(X2) − (E(X))2

=
n
X

i=1

pix
2
i − m2

X

= p − p2

= p(1 − q)

= pq
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X
^S­+OUIa5�6LF[<
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5HcCOHc�6�I 687]@�Fd<�EC<?7�7]<�VTO�BC6bOdceIK<�OHIK@
O�7D5�68B
<j<?M�7}>NO�B�F[@8\);�687�6b5T;nIaOªIa5�6gc�68;`5 Y 6�OHIK< B(0, n, p)
^

�������1�9����±
�U¯ ÙNå��}Þªß$Üdß�äIÛæçæß�çæÙ*ÞªÚÓÜ}ß n

ç§ã*×IØjßjÞªÚÓÜvï âI×}ß$äIÛæÝtØtß]Üdß�åCÙN×}×�ã*Ûæß
�U¯ ÙNå��}Þªß$Üdß 6

ÙH�dêªßt×aâáçæÙ*ÞªÚÓÜdß
n
ç§ãf×IØtßjÞªÚÆÚwâ}ØtØtßtÚwÚwÛ°�yÚ;Üvï âI×áÜ}ì

�U¯ ÙNå��}Þªß$Ü�ï Û§×IÜ}ÛæòaÛ§Ü}âáÙ��}êªßt×aâ}ÚÆÜ}ß$ä}íIìt×}Ù*êzîdä[ß B
ä�ã3ÞªåCÛ�ç§ßjÚ

n
Ü}ßjÚwØtßt×�Ü}ã*×BêªÚÓÜvï âI×sØjÞªÙ*Ûa�ÚwßjåCßt×Bê

Bb × Bb
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P (X = x) =

 

n

x

!

px(1 − p)n−x

��¡ .N¢/��(+(_� ó
mX = E(X) = np

�«£ ���T*��`(+¤H� ó
vX = E(X − mX)2 = E(X2) − (E(X))2

= npqÙ�³ `n
x

´

= n!
x!(n−x)!

ßtÚlêEçæß;ØjÙBß�´CØtÛæßt×Bêi�}Û§×}ÙNåCÛ§ã*ç ë Ø*ï ßjÚlê:µ�ÜdÛ Þªß7çæß;×}ÙNå��}ÞªßÓÜ}ßÓØtÙNå��IÛæ×�ãfÛæÚwÙN×IÚ9Ü}ß
x
ìjç§ìjåCßt×BêªÚEØní}ÙNÛæÚwÛæÚ7äIãfÞªåCÛ

n
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n
�f¢

p
»
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�7×�ç§ã��[ÙfÞ¤ãfêªÙNÛ Þªß¥Ü}Ù*Û ê;ãf×�ãfçæîdÚwßjÞ

N
ìtØ¤í�ãf×aêªÛæçæçæÙN×}Ú

E1, E2, . . . , EN

ä[ÙNâdÞ;ÜdìjêªßjÞªåCÛæ×IßnÞÆØtßtâ}èàBâIÛ�ØtÙ*×BêªÛ§ßj×I×Ißj×aê]â}×
ØtÙfÞªäIÚ
C
ð
C
ßtÚlê¥ä}ÞªìtÚwßt×Bê¥Ü}ã*×IÚ]çmï âI×|àBâ}ßtçæØtÙN×Iàaâ}ßpÜdßtÚ]ìtØníIã*×BêªÛæçæç§Ù*×IÚ

EiãWò_ßtØ¬ç§ã¦ädÞªÙH��ãT�IÛæçæÛ êªì
p
ð � ÙNâdÞ��mã*Û Þªß�âI×-×}ÙNå��}Þªß¬Ü�ï ãf×�ãfçæîdÚwßtÚsÛæ×A�iìjÞªÛæßtâ}ÞRµ N ë ÙN×-âdêªÛ§çæÛæÚwß�ç§ßädÞªÙ*êªÙBØtÙ*ç§ß]Úwâ}Û§ò*ã*×Bê�ó

� Ö;×�ÞªìtäIãfÞwêªÛ êÓçæßtÚ N ìjØníIã*×BêªÛæç§çæÙ*×IÚÆßt× k
é*ÞªÙ*âIä[ßtÚ7Ü}ß

n � N = kn
�/À

��� ÙNâdÞ7â}×áéfÞªÙNâIä[ß ë Ù*×áÞªìWã*çæÛæÚwß]âI×�ä}ÞªìtçæÝtò_ßjåCßt×BêÆÜIãf×IÚÆØníIã*Øtâ}×�ÜdßtÚEìtØ¤í�ã*×BêªÛæçæçæÙN×IÚtð� ñ ßtÚTä}ÞªìtçæÝtòNßtåCßt×BêªÚ�ÚwÙN×Bê	åCìjçgãf×Ié*ìtÚ ë ÙN×�ØnÞªìtß9ãfÛæ×IÚwÛ_â}×�×IÙNâ}ò_ßtçfìtØ¤í�ã*×BêªÛæçæçæÙN×¥àBâTï ÙN×�ÚwÙ*âIåCßjêµÑçmï ã*×�ãfç î}Úwß � Øtßnê7ìjØníIã*×BêªÛæç§çæÙ*×G�PÞªìtÚwâIåCß$çæß�éfÞªÙNâIä[ß?�
�nð� �dÛ�ç§ß|ÞªìtÚwâ}ç ê¤ãfê�ßtÚlê@ä[ÙNÚwÛ êªÛ°��Ù*×�ã*×Iã*ç îdÚwß Úwìtä�ã3ÞªìtåCßt×Bê�ØníIã*Øtâ}×RÜ}ßjÚ@ìtØ¤í�ãf×BêªÛ§çæçæÙN×}Ú
Üdâé*ÞªÙ*âIä[ßNð
Á � �NÂe,-*�./(ÄÃ � ÙNåL�}Ûæßt×�Ü�ï ãf×�ãfçæîdÚwßtÚÆÚwÙ*×aêÓß���ßjØjêªâIìtßjÚÓßj×áåCÙWîBßt×}×Iß�Å
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O Y W?7�B�<Q<?;�7�6D<?BÑ>N5�M�687�6 Ò d F[<l7�B
O�;AMCIaO�7�6b5�;�7]<�I h 9�< d < nÓ 5�;�F[@8\Z;A687lIaO�Ia5�6Zc�68;`5 Y 6�OHIK< B(d, n, p)

�

P (X = x) =

 

n − d

x − d

!

px−dqn−x
∀x ∈ d, d + 1, . . . , d + n

mX = d + (n − d)p vX = (n − d)pq
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d
»

� ÙNâdÞ;â}×Iß�çæÙNÛ B(d, n, p) ë çæß]ÚwÛæéN×}ß�Üdâ�ØtÙBß�´pØtÛæßt×Bê�Üvï ãfÚlî}åCìnêwÞªÛ§ß γ1
Ü}ìjä[ßt×�Ü�Ü}ß]ç§ãpä}ÞªÙH�IãT�

�IÛæçæÛ êªì
p �bÕ ÛæéNâ}Þªß�Ö��;ó� ÚwÛ p < 0.5

ã*çæÙ*ÞªÚ
γ1 > 0 � çæÙNÛvìjê¤ã*çæìtß�µpÜaÞªÙNÛ êªß�� ë� ÚwÛ p = 0.5

ã*çæÙ*ÞªÚ
γ1 = 0 � çæÙNÛvÚlî}åCìnêwÞªÛgàBâ}ß�� ë� ÚwÛ p > 0.5

ã*çæÙ*ÞªÚ
γ1 < 0 � çæÙNÛvìjê¤ã*çæìtß�µÑéNã*âIØ¤íIß-�nð

&('C× Ø-<]DÚÙ¦2 0�ÛC¦p:�:µ<�?�:µ<ÝÜ¦+-,/.1Þ�ß�,sDÝß;:µ69.�à�=
<
á�âDãPâCä å�æèçêé�ë�ìZí�æ
�dÙ*Û ê9â}×IßÂâdÞª×IßEØtÙ*×aêªßj×�ã*×Bê5âI×}ßEä}ÞªÙ*ä[Ù*ÞwêªÛæÙN×

p
Üdßi�[ÙNâIçæßtÚZ�Iç§ãf×IØ¤íIßtÚ�ßjê

q = 1−p
Üdßi�[ÙNâ}ç§ßjÚ×IÙ*ÛæÞªßjÚtðTÖ;×�êªÛæÞªß�Ü}ßjÚQ�[ÙNâ}çæßtÚ$âI×}ß�µ/â}×Iß�ãWò_ßtØ�ÞªßtåCÛæÚwßNðvÖ;×(×IÙfêªß

X
çæß¥Þ¤ãf×Ié�Üvï ã*ä}ä�ã3ÞªÛæêªÛæÙ*×@Üdßç§ãÑä}ÞªßtåCÛæÝjÞªßQ�[ÙNâIçæßp�}çgãf×IØ¤íIßNð

X
ßtÚlêÓçæß ,e�Aî"�}ÂL�gïa��,e,���(/,e� Ü}ß$ç§ãGðjÝjÞªßP�[ÙNâ}ç§ßp�}ç§ã*×IØ¤íIß*ð

á�âDãPâ]ñ òôóÑõLö�÷
ø�÷�éJö
#G$[&Z(+*§,-*�.�(�0Nùúmf;�F�6�7�F+~ 9';�<%VTOTB?6bOHceIK<�OHIK@
O�7D5�68B
<

X
M�9'687p9';�<GIa5�6i�[@
5 Y @?7�BC6 h 9�<yF[<�>NO�B
OHXY W?7�B
< p Ó G(0, p) Ó M�6g5�;nOG�

P (X = k) = pqk−1
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P (X = x) = pqx−1

��¡ .N¢/��(+(_� ó
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P (X = x) =

 

x − d + r − 1
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!

prqx−d
∀x ∈ d, d + 1, . . .
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k = 1 X1 : {9, 17, 6, 10, 5, 26, 3, 7, 7, 2, 2, 2, 11, 3}
k = 2 X2 : {26, 16, 31, 10, 9, 4, 14}
k = 3 X3 : {32, 41, 17, 6}
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k = 5 X5 : {47, 45}
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vX = E(X − mX)2 = E(X2) − (E(X))2

= npq
N − n
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