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X
WYMmM	RTn'o_^fZ�KNgpg6RBa_`DV1KTWq^fV6g3WYchILKNIiPrZ�apZ6IsILZtZf[6]UV6^3`DZ_M	apZBuwvOWB]S]URxg_RTMygtz6WUZ

X
]bWY`{g\g_Z]b^fZ6MbPN^fZ|ceZ6g

n } KNcjZ6WY^pg|PT`{gpIs`lM	a_ILZ3g x1, x2, . . .
K } Z\aJcjZ3g~]b^fRSopKro6`lch`lILV6g|^fZ6gs]yZpa_I�` } Z3g p1, . . . , pn �RTMqPN`lIdz_WUZ

X
Z6gpI|WYM	Z } KT^3`DKSo_ceZ'KNceVpKTIkRT`l^fZ�gp`w�

0 ≤ px ≤ 1
∑

x

px = 1
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:<;>=>?A@B?DC	=�������C	=4�S@)?DC	=��4���x:<���Y�x@)?D@)?DC	=��"��M�Kp]S]UZ6clcjZ��6RNMba6Is`DRNM�PSZ1^fVL]yKT^3I�`lIs`DRNMRTW��6RTM	a_I�`DRTM�a_WYn�WYceKNIs` } Z�ceKQ�6RNM	a_Is`DRNMma6^fRT`{gpg6KTMUILZ F (x)
PrVD�wMU`DZd]UKN^��

F (X) = P (X ≤ x) =

x
∑

i=inf(X)

pi
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:<;>=>?A@B?DC	=F�����sC	=>�T@)?�CO=��>���B ��x¡¢?D�y�"��M£K\]S]UZ_clceZw�6RTM	a_I�`DRTM¤PrZ¥g3WY^ } `DZ7ceK��6RNMba6Is`DRNMPrV\a_^fRT`{g\g_KTMUILZ¦PrVD�wMU`DZ�]yKT^¦�

S(X) = P (X ≥ x) =

sup(X)
∑

i=x

pi = 1 − F (x − 1)
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 »<Ã�� 
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:<;>=>?A@B?DC	=?>A@4Z ô'»Y¿YÃ Z3g3I'ceK } KNceZ_WY^qcjK�]bchWÞgX]b^fRSopKSo_ceZ/]	^3`{g_Z1]UKN^£WYMbZ } KT^3`DKSo_ceZKTceVpKNILRN`l^fZ � aCB Z3g3IED�PN`l^\Z�cjK } KNceZ_WY^ x ILZ6clcjZ�z_WUZ px

g_RN`lIJnXK_[r`ln¦WYnXu
F��NCU�>�N?D:<@):Þ�
�HG Â¢Ã)½�Æ�Èy¼y¾{õrÈUÃ��
� Êi¼
¿YÀ�IU¼y¾eÆQÍUËSÁ'%A»r¾j½JÈy¼ nXR)PrZ7^fZ_ceKTI�` �

J¥�_�|:r�N�y=>�S�
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:<;>=>?A@B?DC	=LKNM vbRN`lI

X
WYMbZ } KT^3`DKSo_ceZ£KTceVpKNILRN`l^fZ � c'B Rp]yV_^fKNILZ_WY^�POB Ã)½fÍOÀ)Á\ËS¼ 
 Ã nXKNIQPyV�RnXKNIs`Dz6WUZ�Z6gpI�PSV��ìMO`	]yKT^��

E(X) =
∑

x

pxx

F��NCO�wCO�B?A@B?DC	=LK v~RN`lI
f
WYMbZU�6RTM	a_I�`DRTM�PSV��ìMU`DZ�]URNWY^wIkRTWYI

x
K\]r]yKT^3IkZ_M	KTMUIODic'B Z_Myg_Z_n'o_ceZPrZmPSV��ìMU`lIs`DRNM PrZ�ceK } KN^3`DKro6ceZ�KNceVpKTIkRT`l^fZ X

IkZ_clceZÝz_WUZ
Y = f(x)

g_RN`lItceK } KN^3`DKro6cjZKTceVpKNILRN`l^fZ¦Is^fKNMUgl�6RT^3n'VpZ�PSZ
X
]yKT^�ceKi�6RNM	a_Is`DRNM

f � KTceRN^pg��
E(f(X)) =

∑

x

pxf(x)

F��NCU�>�N?D:<@):£�sC	=>�4�3Sï�<=b@B�3TD�
� ê ¾j¼yÀ)ËSÁf¾eÆfÀXî3U�»rÈyÁ�Æf»rÈYÆfÃB½*%A»S¼ 
 Æf¾j»S¼O½ f1

Ã6Æ
f2
ÆfÃ)ÂeÂjÃ)½iõrÈUÃ

E(f1(x))
Ã_Æ

E(f2(x))Ã6öY¾j½�ÆfÃ)¼<ÆV�UËSÂe»rÁ\½¥î
E(af1(X) + bf2(X)) = aE(f1(X)) + bE(f2(X))

=HCWSÝ�Þ=b@)�¦�YXjCU�N�4�N�
k9
:<;>=>?A@B?DC	=LKWK �JM
K\]S]UZ_clceZ ô'»Sô'Ã_¼<Æ\½�¿~Ç »Y¿YÁ\Ã

k
ceZ6gdz6WUKTMUIs`lIkV6g

mk(X)
PSV��ìMO`DZ3g>]yKT^d�

mk(X) = E(Xk) =
∑

x

pxxk

ê Ë nXR�ZSZ_MUMbZ
mX

¿YÃ�Â{Ë¦ÌNËSÁf¾{ËTÎyÂjÃ�ËTÂjÀ)ËNÆ\»S¾jÁfÃ
X
Ã)½�ÆdÂeÃ�ô'»Sô'Ã_¼<ÆQ¿~Ç »SÁp¿YÁ\Ã

1
î

mX = m1(X) = E(X1) =
∑

x

pxx
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� mX

Ã)½�ÆdÈy¼yÃ&^rÁ\ËS¼U¿YÃ_ÈUÁ`_U»Sô'»�^�a_¼yÃ�b
X

� ¾j¼U¿Y¾ 
 ËTÆfÃ_ÈUÁQ¿YÃ�ÍO»<½�¾eÆf¾j»S¼
� Á\Ã_¼U½fÃ_¾c^S¼UÃw½�ÈUÁ4ÂsÇ »rÁ\¿yÁfÃì¿YÃ`^SÁpËT¼O¿YÃ_ÈyÁ4¿YÃ)½4ÌNËTÂjÃ_ÈyÁp½¢ÍyÁ\¾{½�ÃB½¢ÍUËSÁ�Â{ËdÌNËTÁ\¾jËSÎyÂjÃwËTÂjÀ)ËTÆf»S¾jÁ\Ã

X
É

� Êi¼�ËTÍUÍOÃ)ÂeÂjÃ�ô�»rô'Ã_¼<Æ\½ 
 Ã_¼<ÆfÁ\À)½JÂjÃ)½dõ<ÈUËS¼<Æf¾eÆfÀ)½ µk(X)
¿YÀ�IU¼y¾jÃ)½�ÍUËSÁ�î

µk(X) = E
(

(X − mx)k
)

(*)d+*),( .0/213/54 ³Y¹ 176 ór³ 6 8�¶d²�óm´Q²�´ 6 óe:�² 1 ó 6 <w·
f��Y�N?D�y=>�S�
91:<;�=4?D@)?�CO=gK3hg@4K ÌxËSÁf¾{ËT¼ 
 Ã vX

Z3g3IJceZ7nXRNnXZ_MUIJapZ_MUIs^fV�POB RN^fPT^fZ
2
u

F��NCU�>�N?D:<@):Þ�'�4�iTD��¡y�y�x?��y=>�S��j
vX = µ2(X) = E

(

(X − mX)2
)

= E(X2) − 2mXE(X) + m2
X

= E(X2) − (E(X))
2

= m2(X) − (m1(X))2

=
∑

x

pxx2 −
(

∑

x

pxx

)2

Ji�r�Y�x@lkm]~�|�
91:<;�=4?D@)?�CO=gKNn;@oB Vpa\KT^3IdRLI,Z\]UZ¦Z6g3IwceKt^fKSa_`lM	Z'apKN^3^fVpZ�PSZ�ceK } KN^3`DKTM	apZ'� σX =

√
vX

u
F��NCU�>�N?D:<@):Þ�'�4�iT�Xe:Þ�r�Y�x@�@p]~�w��j

�rq ÁpËT¼U¿yÃ_ÈyÁE_y»rô'»�^�a)¼yÃ&b X2

� Æ\Á\Ër¿YÈy¾eÆdÂjË'¿Y¾{½�Í	Ã_Áp½f¾e»r¼
ËSÈYÆf»rÈyÁd¿YÃ�ÂjË'ô'»��rÃ_¼y¼yÃtsA¾{¿YÃ)ô ÌNËTÁ\¾jËS¼ 
 Ãvu
�SC¢�ewÝ�r?D�Þ=b@��>��¡y�Y�N?��Y@)?�CO=
91:<;�=4?D@)?�CO=gK9x

cX =
σX

mXF��NCU�>�N?D:<@):Þ�'�4 ��rC¢�ewÝ�S?��<=b@'�>��¡y�Y�N?D�Y@B?DC	=;j
� ¿Y¾{½fÍOÃ)Á\½f¾e»r¼1Á\Ã_Â{ËNÆ\¾eÌrÃ�ËTÈYÆ\»SÈyÁ�¿YÃ�Â{Ë�ô�»��rÃ_¼y¼UÃ
� ÈYÆ\¾eÂjÃ�¿yËS¼U½�ÂjÃ)½ 
 _UËS¼3^SÃ)ô�Ã)¼<Æ\½�¿~Ç À 
 _yÃ)ÂeÂjÃXî

mX = E(αX) = αE(X) = αmX

vαX = E(α2X2) − (E(αX))2

= α2(E(X2) − (E(X))2) = α2vX

σαX =
√

vαX = ασX
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:<;>=>?A@B?DC	=LK3{;@�B VpapKN^3IJKro3g_RTchW1nXR�ZSZ_M

emX

Z3g3IìceKXn'R|ZSZ6MOM	Z7PrZ3g } KTceZ_WY^pg�KSo6g_RNchWUZ6gPrZ3g�VpapKN^3I�gw]UKN^7^\K\]S]URN^3IEDXcjKtnXR�ZSZ_MUMbZ¦�
emX = E|X − mX | =

∑

x

px|x − mX |

F��NCO�4�N?D:<@B:<�'�>�}T�Xj:<�r�Y�x@X�Ny>�BCWTD ~SÝC9]O�Þ=gj
� ¾e¼ÞÌNËTÁ\¾jËS¼<Æ�ÍOËTÁ 
 _UËT¼7^SÃ_ô'Ã)¼rÆd¿~Ç »SÁ\¾c^S¾j¼yÃ
� ô�»r¾e¼O½�½�Ã)¼U½�¾jÎyÂjÃ7ËTÈYö1ÌxËSÂeÃ)ÈyÁp½|Ã_öÞÆfÁ�a_ô'Ã)½�õ<ÈyÃ�ÂsÇ À 
 ËSÁ�Æ�Æ��ÞÍOÃ

� C	 ��vyw���>� � CO=>�S�Þ=b@_�N�Y@B?DC	=
9
:<;>=>?A@B?DC	=LKYE vbRN`lIJceZ6g�PSZ_WS[Q�6RTM	a_I�`DRTMyg�g3WY` } KTMUILZ3g�D } KTceZ6WY^�PrKNMUg [0, 1]

�














F (x) = P (X ≤ x) =
x
∑

i=inf(X)

pi

Φ(X) =

x
P

i=inf(X)

ipi

mX@4K�apRNWY^_opZ'PSZ'apRNMbapZ6MOI�^fKTI�`DRTM¤PrZ�cjK } KN^3`DKro6cjZXKNceVpKNILRN`l^\Z�� PSV��ìMO`DZQ]yKT^7ceKi�6RNMba6Is`DRNMmPSZ^fVL]UKN^3Is`lI�`DRTM��"Z6gpIwceK'ch`"�SM	Z|]URNc"Z��rRTM	KNcjZ
O, Minf(X), . . . , Mx, . . . , Msup(X)

R��
Mx

Z6gpIceZ�]URN`lMUI�P�B Kro3g_a_`{gpg6Z
F (x)

Z_I�P�B RN^\PSRNMOM	VpZ
Φ(x) � n'RTn'Z_MUI�P�B RT^fPN^fZ 1

`lMbapRNnQ]	ceZ_I"�Su
F��NCU�>�N?D:<@):Þ�'�>�[TD�¤�SC	 ��vyw���>���rCO=>�S�Þ=b@_�N�Y@B?DC	=�j
�0�d�e���������������V�e�5�����������������*�p�����E�e�������
�\�Y���p�p�e�e�V�����E���p�e�����5�Q�  V�"¡V���e�
�i�� V�������*���&�p ¢������£|�����E£¢�����5���E¤9�V���
�\¥C�¦�N�p�����E���p�§���p¡¢¨��p�����5�����p�p�p������©ª�«�p�¬�§���� V�"�����������m�­�«���¬�«��¡v�V���m® x/mx�\¥C�m�� ¢����¯N�`���Y�p ¢���p�p�����'������ V�°�p�¬�±�� ¢�V², ¢�����2�������e�p�«�p�����p���� V�e�5���«�"�������p¨���³����Y¯e�������p��´�������p���������������E�e���"��µ���� ∀x, F (X) ≥ Φ(x) ¶
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:<;>=>?A@B?DC	=LKy�;@�Zia\RBZd·Fa_`DZ6MOI�PrZQapRNMbapZ6MOI�^fKTI�`DRTM � RNWXapR)Zd·Fa_`DZ_MUI�PSZ�¸�`lMO` �7Z6g3I4PSV��ìMO`apRNn�nXZ'ceZtPrRNWUo_ceZ�PrZ'c'B KN`l^\Z1apRNnQ]	^3`{g_Z1Z6MOI�^fZ�cjK�]	^fZ_n¦`º¹_^fZ1o6`{gpg_Zpa6Is^3`DapZ�PNW�apKN^3^fV1Z6I�ceKapRNWY^_opZ¦PSZ'apRNM	apZ_MUIs^fKNIs`DRNMbu
9
:<;>=>?A@B?DC	=LKY��@�Z�apRBZº·�a6`DZ_MUIwPrZ�apRNM	apZ_MUIs^fKNIs`DRNM

cgX

Z6g3I�KTWÞgpgp`�V¬�rKTc»D¦ceK'PN` ¼iV6^fZ_M	apZKro3g_RNcÏWUZ7nXR�ZSZ_MUMbZ �
cgX =

∑

x

∑

y |x − y|pxpy

2mX

=

∑

x

∑

y<x(x − y)pxpy

mXê Ã 
 »ÞÃ�� 
 ¾jÃ_¼<Æw¿YÃ 
 »S¼ 
 Ã_¼<ÆfÁpËNÆ\¾e»r¼ cgX

ÃB½ÅÆw¿y»S¼ 
 ¾j¼ÞÌxËSÁf¾{ËT¼<Æ�ÍUËSÁ 
 _UËT¼3^rÃ_ô'Ã_¼<Æì¿~Ç À 
 _yÃ)ÂeÂjÃSÉF��NCU�>�N?D:<@):Þ�'�<@¾½6=b@)�<�x�4�N:<@)�y@)?DC	=
�\¿À���p¨���³����E�� ¢�3����³p�§�p V�e�p�p�������p��Á cgX = 0.76 Â
�0Ã`�p��Ä���³p¨��`�� V�W�N�p�°�p ¢���p�p�������p��Á cgX = 0.18 Â­¶
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�0Å����e�N ¢�� V�e�Æµ��e�o�p�p�Æ���p��Ä!�� V�"�Æ���p�����p�����|�����|�m�����e ¢¨Æ¯���������Ç9�p�����Æ�N ������p�p�¦�e���¦���p�¯��'���e�'¤e�p�Y�7� ����¯����p� ¶È ¶ �"�ÆÇe V�'�V���� V�¾�p�¬�Y�p ¢���p�p�������p�E�����§���e�`©ª�V��¯e�������� V�N V������ ¢�t���E¯��'���e�'¤e�p�É ¶ �"�ÆÇe V�'�V���� V�¾���*���p�9�������"�E�����Y�Q� �p�����p¨¦¯����E���p�§¯��'�V�e�'¤e��� ¶
�i¥O� ���9���"���Æ���*�p V�e�p�p�����'�����" V�t�C� �p�¬�Y�e�V�§����£V�����"���|�§�e���Y�'¤9�V��¡¢�p¨����|�5�7�  V����¡¢�����
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